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: $\ell$ 2 , $K$ ( $chK\{\ell$










Kummer , k-scheme $X$
$G_{\tau\iota,K}(X)arrow H^{1}(X, \mu_{t,K})arrow H^{1}(X, G_{m.K})arrow H^{1}(X, G_{m,K})$
. , $K$ $\mu_{t,K}\cong(Z/\ell Z)_{K}$ ,
$H^{1}(X, \mu_{t,K})$ $X$ $Z/\ell Z$-torsor . , $B$
local K-algebra , Hilbert theorem 90 $H^{1}(SpecB, G_{m,K})=0$
, $G_{m,K}(X)arrow H^{1}(X, \mu_{\ell,K})$ . , local
K-algebra $\ell$ , Kummer (1)
803 1992 196-209
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\mbox{\boldmath $\zeta$}\mbox{\boldmath $\zeta$} ’’ , local K-algebra $\ell$ (1)
, Kummer .
, .
$p>0$ : $k$ $p$ , $W_{n,k}$ $k$ $n$
Witt group scheme . , $Speck$ \’etale ( fppf)





Artin-Schreier-Witt , k-scheme $X$
$W_{n,k}(X)arrow H^{1}(X, Z/p^{n})arrow H^{1}(X, W_{n,k})arrow H^{1}(X, W_{n,k})$
. , $X$ affine $H^{1}(X, W_{n,k})=0$ ,
$W_{n,k}(X)arrow H^{1}(X, Z/p^{n})$ . , Artin-
Schreier-Witt k-algebra $p^{n}$
“ ” , k-algebra $p^{n}$ (2)
. Artin-Schreier-Witt .
, Kummer (1), Artin-Schreier-Witt
(2) , (1) (2)
. , $Z_{(p)}[\mu\sim$
(DVR) $A$ flat commutative group scheme
(3) $0arrow(Z/p^{n})_{A}arrow \mathcal{W}_{n}arrow\psi \mathcal{W}_{n}/(Z/p^{n})arrow 0$
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, special fibre (2), generic fibre (1)
. , Kummer-Artin-
Schreier-Witt .
(3) , $n=1$ $[2,3]$ [9]




$(A, m)$ DVR, $\lambda\in m\backslash \{0\},$ $A_{\lambda}$ $:=A/\lambda$ , $i$ : $SpecA_{\lambda^{C}}-\rangle$ $Spec(A/\lambda)$
. $A$
$C:y^{2}z-\lambda xyz-x^{3}=0$
generic fibre nodal curve , special fibre $y^{2}z-x^{3}=0$
cuspidal curve . , Picard scheme $Pic^{0}(C/A)$
generic fibre $G_{m}$ , special fibre $G_{a}$ $A$
group scheme . ,
$Pic^{0}(C/A)\cong SpecA[X, \frac{1}{\lambda X+1}]$
, $x$ . $y=\lambda xy+x+y$ . group
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scheme $\mathcal{G}^{(\lambda)}$ . ,
$\mathcal{G}^{(\lambda)}=Pic^{0}(C/A)=SpecA[X, \frac{1}{\lambda X+1}]$
.







(4) $x$ – $\lambda x+1$




, group scheme $\mathcal{G}^{(\lambda)}$
. , .
2.1 (Waterhouse-Weisheiler [10]) $\mathcal{G}$ $SpecA$ flat group scheme
, generic fibre $\mathcal{G}_{\eta}\cong G_{m}$ special fibre $\mathcal{G}_{s}\cong G_{a}$ , $\lambda\in m\backslash \{0\}$
unit $\mathcal{G}\cong \mathcal{G}^{(\lambda)}$ .















$0arrow\mu_{p}arrow G_{m}arrow G_{m}\theta_{p}arrow 1$
.
, DVR $(A, m)$ $\lambda\in m\backslash \{0\}$ , (4)
.









2.4 $(A, m)$ DVR, $\lambda,$ $\mu$ $m\backslash \{0\}$ ,
$Hom(\mathcal{G}^{(\lambda)}, i_{*}G_{m,A_{\mu}})/\{(1+\lambda x)^{n}|n\in Z\}\cong Ext^{1}(\mathcal{G}^{(\lambda)}, \mathcal{G}^{(\mu)})$ .
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, $\varphi\in Hom(\mathcal{G}^{(\lambda)}, i_{*}G_{m,A_{\mu}})$ $\mathcal{E}^{(\lambda.\mu\cdot\varphi)}$)
:
$\mathcal{E}^{(\lambda.\mu;\varphi)}=SpecA[X, Y, 1/(\lambda X+1), 1/(\varphi(X)+\mu Y)]$
, morphism
$\alpha^{(\lambda,\mu)}$ : $SpecA[X, Y, 1/(\lambda X+1), 1/(\varphi(X)+\mu Y)]$ $arrow$ $G_{m,A}\cross G$
$(x, y)$ $rightarrow$ $(\lambda x+1, \varphi(x)+\mu y)$
.
$Ext^{1}(\mathcal{G}^{(\lambda)}, \mathcal{G}^{(\mu)})$ , [4,6,7] .
3
.
, $(A, m)$ DVR , $K=f.f$. $A,$ $k=A/m$ .
3.1 $A$ flat, of finite type group scheme $G$ , $G_{s}$ $G_{\eta}$ $A$
.
3.2 $\lambda_{1},$ $\lambda_{2},$ $\cdots,$ $\lambda_{n}$ $m$ . $A$ flat group schemes $\{G_{1}=$
$\mathcal{G}^{(\lambda_{1})},$ $G_{2},$
$\cdots,$ $G_{n}=G$}, $G$ , a filtered group scheme over $A$
of type $(\lambda_{1}, \lambda_{2}, \cdots, \lambda_{n})$ ,
$:)$ .
$0arrow$ $\mathcal{G}^{(\lambda_{2})}$ $arrow v_{2}$ $G_{2}$ $arrow r_{2}$ $\mathcal{G}^{(\lambda_{1})}$ $arrow 0$ ,
(7)
$0arrow$ $\mathcal{G}^{(\lambda_{3})}$ $arrow v_{3}$ $G_{3}$ $arrow r_{3}$ $G_{2}$ $arrow 0$ ,
$0arrow$ $\mathcal{G}^{(\lambda_{n})}$ $\underline{v}_{3}$ $G_{n}$ $arrow r_{n}$ $G_{n-1}$ $arrow 0$ .
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3.3 $A$ , , $chK=0$ , ch$k=p(>0)$ , $\lambda_{1},$ $\lambda_{2},$ $\cdots,$ $\lambda_{n}$
$m\backslash \{0\}$ . filtered group scheme $\{\mathcal{W}_{1}=\mathcal{G}^{(\lambda_{1})}, \mathcal{W}_{2}, \cdots, \mathcal{W}_{n}\}$ over $A$ of type
$(\lambda_{1}, \lambda_{2}, \cdots, \lambda_{n})$ $\mathcal{W}_{n}$ filtered deformation of $W_{n}$ to $(G_{m})^{n}$ of
type $(\lambda_{1}, \lambda_{2)}\cdots, \lambda_{n})$ , $0arrow \mathcal{G}^{(\lambda_{l})}arrow \mathcal{W}_{\ell}arrow \mathcal{W}_{t-1}arrow 0$
special fibre $0arrow G_{a}arrow W_{t}arrow W_{t-1}arrow 0$
.
3.4 $A$ $Z_{(p)}[(n]$ , $\lambda=\lambda_{1}=\zeta_{1}-1$
\langle . filtered deformation $\{W_{1}=\mathcal{G}^{(\lambda)}, \mathcal{W}_{2}, \cdots, \mathcal{W}_{n}\}$ of $W_{n}$ to $(G_{m})^{n}$ over $A$ of
type
$(^{\frac{n}{\lambda,\lambda,\cdots,\lambda}})$
.}\llcorner \rightarrow Wn KASW group scheme over $A$
, $w_{t}$ constant group schem $Z/p^{t}$ ,
$0arrow$ $Z/p$ $arrow$ $Z/p^{p}$ $arrow$ $Z/p^{t-1}$ $arrow 0$
(8) $\downarrow i_{1}$ $\downarrow i_{l}$ $\downarrow i_{\ell-1}$
$0arrow$ $\mathcal{G}^{(\lambda)}$ $arrow v_{l}$ $\mathcal{W}_{\ell}$ $arrow r_{l}$ $\mathcal{W}_{t-1}$ $arrow 0$
.
22 .
3.1 $G$ filtered group scheme over $A$ of type $(\lambda_{1}, \lambda_{2}, \cdot \lambda_{n})$ , $B$
$A$ flat local A-algebra , .
$H^{1}(SpecB, G)=0$ .
KASW group scheme $W_{n}$ $\mathcal{W}_{n}/(Z/p^{n})$ filtered group




$\{G_{1}=\mathcal{G}^{(\lambda_{1})}, G_{2}, \cdots, G_{n}=G\}$ filtered group scheme over $A$ of type
$(\lambda_{1}, \lambda_{2}, \cdots, \lambda_{n})$ , (4) , 2.4
,
$(9 \beta\cong SpecA[X_{1}, X_{2)}\cdots, X_{n}, \frac{1}{\lambda_{1}X_{1}+1} \frac{1}{\phi_{1}(X)+\lambda_{2}X_{2}})$
)
$\frac{1}{\phi_{n}(X)+\lambda_{n}X_{n}}$]
. , $\phi_{\ell}$ : $G_{t}arrow i_{*}G_{m,A/\lambda_{l+1}}$ . , $\ell$
$(2\leq\ell\leq n)$
(10) $0arrow G_{t}arrow^{\ell}G_{\ell-1}f\otimes_{A}G_{m,A}arrow gli_{*}G_{m,A_{\lambda_{1}}}arrow 0$
. ,
$f_{t}(x_{1}, \cdots, x_{t})$ $=$ $((x_{1}, \cdots, x_{\ell-1}), \phi_{\ell-1}(x)+\lambda_{t}x_{\ell})$ ,
$g_{\ell}(y, t)$ $=$ $\phi_{t-1}(y)^{-1}tmod \lambda_{l}$
. , $X$ $A$ abelian scheme , (9)
[3, Th. 1.5, Th. 2.6] .
32 $Ext^{1}(X, G)arrow H^{1}(X, G_{X})$ .
32 ) (9) , .
204
33 $\ell$ .
$Ext^{1}(X, G_{t})\cong\{(c, t)\in H^{1}(X, G_{\ell-1})\cross H^{1}(X, G_{m,A})$
$|\phi_{\ell-1}(c)^{-1}tmod \lambda_{l}=0\in H^{1}(X\otimes_{A}A_{\lambda_{l}}, G_{m,A_{\lambda_{l}}})\}$ .
KASW group scheme , 3.3 $Ext^{1}(X, Z/p^{n})$
.
4Artin $G_{a}$ $G_{m}$
, $(A, m=\{\pi\})$ Artin local ring, $\lambda\in m$ .
, reduction map .
4.1 $B$ flat A-algebra, $X=SpecB$ , .
1. $H^{1}(X, \mathcal{G}^{(\lambda)})=0$ .
2. $H^{1}(X\otimes_{A}A/m, G_{m,A}/m)=0\Rightarrow H^{1}(X, G_{m,X})=0$ .
4. 1 .
4.2 $G$ $A$ flat affine commutative group scheme .
1. $H_{o}^{2}(G, \mathcal{G}^{(\lambda)})\cong Ext^{1}(G, \mathcal{G}^{(\lambda)})$ . , symmetric Hochschild coho-
mology group .
2. $H^{1}(G\otimes_{A}A/m, G_{m,A}/m)=0\Rightarrow H_{o}^{2}(G, G_{m,A})\cong Ext_{A}^{1}(G, G_{m,A})$ .
205
.
4.3 $\lim_{arrow,B\succ A}Ext_{B}^{1}(G_{a,B}, G_{m,B})=0$. , $A$ flat finite
extension Artin local ring base change .
[5, Ex. 3.6] .
43 (4)
.
4.4 $(A, m)$ DVR, $\lambda_{1},$ $\cdots,$ $\lambda_{n},$ $\lambda_{n+1}\in m\backslash \{0\}$ , $\lambda_{n+1}|\lambda_{n}|\cdots|\lambda_{1}$
. $\{G_{1}=\mathcal{G}^{(\lambda_{1})}, G_{2}, \cdots, G_{n}\}$ filtered group scheme
over $A$ of type $(\lambda_{1}, \cdots, \lambda_{n})$ . , .
$\lim_{arrow,B\succ A}(v_{n,B})^{*}$
: $\lim_{arrow,B\succ A}Ext^{1}(G_{n}, \mathcal{G}^{(\lambda_{n+1})})arrow\lim_{arrow,B\succ A}Ext^{1}(\mathcal{G}^{(\lambda_{n})}, \mathcal{G}^{(\lambda_{n+1})})$.
5 extension groups
Lazard’s comparison lemma $Ext_{k}^{1}(G_{a,k}, G_{a,k})$
, , $Ext^{1}(\mathcal{G}^{(\lambda)}, \mathcal{G}^{(\mu)})$ [4]
. .
5.1 $(A, m)$ $k=A/m$ DVR, $\lambda,$ $\mu\in m\backslash \{0\}$ ,
$\mu|\lambda$ . , $A$ DVR $B$ ,




5.2 $(A, m)$ $k=A/m$ DVR, $\lambda_{1}$ , –, $\lambda_{n},$ $\lambda_{n+1}$
$m\backslash \{0\}$ , $\lambda_{n+1}|\lambda_{n}|\cdots|\lambda_{1}$ . , $G$ filtered group scheme
over $A$ of type $(\lambda_{1}, \cdots , \lambda_{n})$ . , $Ext_{k}^{1}(G_{k}, G_{a,k})$
$\ovalbox{\tt\small REJECT}$ , $A$ DVR $B$ $Ext_{B}^{1}(G, \mathcal{G}^{(\lambda_{n+1})})$ $E$ , $E_{k}=\overline{E}$
.
6 Z/
, DVR $(A<m)$ $A\succ Z_{(p)}[\zeta_{p^{n}}]$ $k=A/m$
, $\lambda=\zeta_{1}-1$ .
$,$
$Ext_{A}^{1}(\mathcal{G}^{(\lambda)}, \mathcal{G}^{(\lambda)})$ $Ext_{A}^{1}(Z/p, \mathcal{G}^{(\lambda)})$ , [4] [7]
. (5) ,
.
6.1 $Ext_{A}^{1}(Z/p, \mathcal{G}^{(\lambda)})$ $F$ , $A$ $B$ $Ext_{B}^{1}(\mathcal{G}^{(\lambda)}, \mathcal{G}^{(\lambda)})$
$E$ , $i_{1}^{*}E=F$ .
, 44 6. 1 .
6.2 $n$ KASW group scheme $\mathcal{W}_{n}$ .
(8) , $Ext_{A}^{1}(Z/p^{n}, \mathcal{G}^{(\lambda)})$ $F$ , $A$
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$B$ $Ext_{B}^{1}(\mathcal{W}_{n}, \mathcal{G}^{(\lambda)})$ $E$ , $i_{n}^{*}E=F$ .
7 KASW group scheme
, .
7.1 $n$ , $Z_{(p)}[(n]$ $A$ KASW
group scheme $\mathcal{W}_{n}$ ,
$0arrow Z/p^{p}arrow l_{\ell}W_{f}arrow \mathcal{V}_{\ell}$$:=\mathcal{W}_{f}/(Z/p^{t})\psi_{t}arrow 0$
Kummer-Srtin-Schreier-Witt . , (9)
$\phi_{\ell}$ : $W_{\ell}arrow i_{*}G_{m,A/\lambda_{l+1}}$
,
$\mathcal{W}_{n}\cong SpecA[X_{1}, X_{2}, \cdots, X_{n}, \frac{1}{\lambda X_{1}+1})\frac{1}{\phi_{1}(X)+\lambda X_{2}’} , \frac{1}{\phi_{n}(X)+\lambda X_{n}}]$
, $\phi_{\ell}$ , $\phi_{t}$
$\mathcal{W}_{n}$ .
$n$ . , $W_{n}$ ,
$0arrow$ $Z/parrow$ $Z/p^{n}$ $arrow$ $Z/p^{n-1}$ $arrow 0$
$\downarrow i_{1}$ $\downarrow i_{n}$ $\downarrow i_{n-1}$
$0arrow$ $\mathcal{G}^{(\lambda)}$ $arrow v_{n}$ $\mathcal{W}_{n}$ $arrow r_{n}$ $\mathcal{W}_{n-1}$ $arrow 0$
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. , $A$ , 62
$i_{n}^{*}\mathcal{U}\cong i_{1,*}(Z/p^{n})$ $Ext^{1}(\mathcal{W}_{n}, \mathcal{G}^{(\lambda)})$ $\mathcal{U}$ . $\mathcal{U}$
$\mathcal{U}\otimes_{A}k-W_{n}\in{\rm Im}(\wp^{*})$ , 52 $\mathcal{E}\in Ext^{1}(\mathcal{V}_{n}, \mathcal{G}^{(\lambda)})$
, $\mathcal{E}\otimes_{A}k\cong \mathcal{U}\otimes_{A}k-W_{n}$ . , $W_{n+1}$ $:=\mathcal{U}-\psi_{n}^{*}(\mathcal{E})$
, . , $\mathcal{W}_{n+1}$
.
, , KASW group scheme $\mathcal{W}_{n}$
, $Z_{(p)}[\zeta_{n}]$ , $\psi_{t}$
.
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